


















ON THE WEAK-LEFSCHETZ PROPERTY FOR ARTINIAN
GORENSTEIN ALGEBRAS
ALFIO RAGUSA AND GIUSEPPE ZAPPALA`
Abstract. We deal with the Weak Lefschetz property (WLP) for Ar-
tinian standard graded Gorenstein algebras of codimension 3. We prove
that many Gorenstein sequences force the WLP for such algebras. More-
over for every Gorenstein sequence H of codimension 3 we found several
Gorenstein Betti sequences compatible with H which again force the
WLP. Finally we show that for every Gorenstein Betti sequence the
general Artinian standard graded Gorenstein algebra with such Betti
sequence has the WLP.
Introduction
Let R = k[x1, ..., xr ], where k is a field of characteristic zero and let I be an
Artinian monomial complete intersection in R, i.e. I = (xa1 , . . . , xar). Take
a general linear form l ∈ R. Then for any positive integers d and i, the mul-
tiplication map defined by ld, ×ld : (R/I)i → (R/I)i+d has maximal rank.
(In particular, this is true when d = 1). The Weak and Strong Lefschetz
properties were originated by the above result which was proved by different
approaches by R. Stanley in [St2] by algebraic topology, by J.Watanabe in
[W] using representation theory, by Reid, Roberts and Roitman in [RRR]
by algebraic methods, by Herzog and Popescu (see [HP]) by linear algebra
and by Ikeda [Ik] using combinatorics. Since then the Weak and the Strong
Lefschetz properties have been investigated very intensively. It is trivial to
see that all Artinian standard graded algebras of codimension 2 have the
Weak Lefschetz Property, but already in codimension 3 many questions are
still open. A good survey on this subject could be the paper [MN]. One
of the most important results on this direction is the proof of the Weak
Lefschetz Property for all Artinian complete intersections of codimension 3,
due to T. Harima, J.C. Migliore, U. Nagel, J. Watanabe, in [HMNW]. Nev-
ertheless, again in codimension 3, it is enough to consider almost complete
intersection ideals, i.e. perfect ideals of height 3 and minimally generated
by 4 elements, to produce examples of Artinian standard graded algebras
not enjoying the Weak Lefschetz Property (see [BK]). But, as it is known,
a natural class which generalizes Artinian complete intersections is the class
of Artinian Gorenstein standard graded algebras. Unfortunately, already
in codimension 4 there are Artinian Gorenstein standard graded algebras
which do not have the Weak Lefschetz property (cfr. [Ik]). Thus it remains
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to understand if every Artinian Gorenstein standard graded algebras of codi-
mension 3 enjoys the Weak Lefschetz property. Results in special cases on
this subject can be found in [MZ] and [A]. So the purpose of this paper is
to study the Weak Lefschetz Property for the Artinian Gorenstein standard
graded algebras of codimension 3. Precisely, we produce Hilbert functions
H for which all Artinian Gorenstein standard graded algebras with Hilbert
function H have the Weak Lefschetz Property, see Proposition 2.3. The
main results of the paper (see Theorem 2.5, Corollaries 2.6 and 2.7) say
that for every Hilbert function H there exists a Gorenstein Betti sequence
β0 compatible with H, such that all Artinian Gorenstein standard graded
algebras with Hilbert function is H, whose Betti sequence is larger than or
equal to β0 have the Weak Lefschetz property. Because of this result we show
that for every Gorenstein Betti sequence β the generic Artinian algebra in
the stratum of GorH defined by β has the Weak Lefschetz property.
1. Notation and basic facts
Let k be an infinite field and let R := k[x1, x2, x3]. We consider on R the
standard grading and we consider in it just homogeneous ideals, which we
call simply ideals.
We will deal with Artinian Gorenstein algebras A = R/I, precisely, Ar-
tinian standard graded Gorenstein algebras of codimension 3.
It is well known that d1 ≤ . . . ≤ d2m+1 are the degrees of a minimal set
of generatora for a Gorenstein ideal of codimension 3 iff the following Gaeta




i=1 di/m is an integer;
2) ϑ > di + d2m+3−i for 2 ≤ i ≤ m+ 1.







R(−di)→ R→ A→ 0.
Hence the Betti sequence of A is
β(A) = (d1, . . . , d2m+1;ϑ− d2m+1, . . . , ϑ− d1;ϑ).
In the sequel when A = R/I is an Artinian Gorenstein graded algebra, we
will denote by νi(A) the number of minimal generators of I belonging to
Ii and similarly by σi(A) the number of minimal first syzygies of degree i.







R(−i)νi(A) → R→ A→ 0.
Note that β(A) is uniquely determined by the knowledge of the degrees of
minimal generators of I, hence it is determined by the sequence (νi(A))i.
Therefore to give β(A) is equivalent to assign the sequence (νi(A))i.
In the sequel of the paper the Hilbert function and the graded Betti
sequence of an Artinian standard graded Gorenstein algebra will be briefly
called Gorenstein sequence and Gorenstein Betti sequence, respectively.
Notation and basic facts 3
We will make frequently use of the following result (see Proposition 3.7
of [RZ1] for the original version).
Proposition 1.1. Let A = R/I be an Artinian Gorenstein algebra with
Hilbert function H. Let us denote by ϑ the degree of the only second syzygy
of A, s = min{i ∈ N | Ii 6= 0}. Then
1) ϑ = max{i | ∆3HX(i) 6= 0}.
2) νi(A) ≥ −∆
3H(i) for i < ϑ; σi(A) ≥ ∆
3H(i) for all i.
3) νs(A) = −∆
3H(s), νi(A) ≤ −∆
2H(i) for s+ 1 ≤ i ≤ ϑ− s− 1; and
νi(A) = 0 for i ≥ ϑ − s; consequently, σϑ−s(A) = ∆
3H(ϑ − s) and
σi(A) ≤ −∆
2H(i− 1) for s+ 1 ≤ i ≤ ϑ− s− 1.
Let ϕ : Z → Z be a function. We define ϕ+ : Z → Z to be the function
such that ϕ+(i) := max{ϕ(i), 0}, for every i.
Let H be the Hilbert function of an Artinian algebra A of codimension
3 and let ϑ − 3 be the socle degree of A. Then H is a Gorenstein sequence
of codimension 3 iff H(i) = H(ϑ − 3 − i), for every i and (∆H)+ is an
O-sequence (see Theorem 4.2 in [St1]).
For every Gorenstein sequence H we set
uH := min{i | ∆H(i) < 0} −max{i | ∆H(i) > 0} − 1;
sH := min{i | ∆H(i) < i+ 1};
tH := max{i | ∆H(i) ≥ 0};
ϑH := max{i | H(i) > 0}+ 3.
Since in the sequel the most interesting situations will happen when uH = 0
or uH = 1 we emphasize that in these cases tH + 1 =
ϑH−1




According to Proposition 1.1, we define two Betti sequences βmin(H) and
βmax(H), compatible with H.





−∆3H(i) for i = sH
max{0,−∆3H(i)} for sH + 1 ≤ i ≤ ϑH − sH − 1
0 otherwise .




−∆3H(i) for i = sH
max{0,−∆3H(i)} for sH + 1 ≤ i ≤ ϑH − sH − 1, i 6=
ϑH
2
1 for i = ϑH2
0 otherwise .
βmax(H) is defined by the sequence
νmaxi (H) :=
{
−∆2H(i) + 1 for i = sH
max{0,−∆2H(i)} otherwise.
Let β1 and β2 be two Gorenstein Betti sequences, associated respectively
to the sequences (ν ′i)i and (ν
′′




i , for every
i.
4 Notation and basic facts
Note that if β1 ≤ β2 according to the previous definition, then using the
same notation as in the resolution (1) it will be σ′i ≤ σ
′′
i for every i and
ϑ′ ≤ ϑ′′.
Proposition 1.2. Let H be a Gorenstein sequence of codimension 3 and let
BGH be the poset of all Gorenstein Betti sequences compatible with H.
1) BGH has only one minimal and only one maximal element, respec-
tively βmin(H) and βmax(H).
2) If d1 ≤ . . . ≤ d2m+1 are the degrees of the minimal generators as-
sociated to βmax(H), then m = d1 and di + d2m+3−i + 1 = ϑH , for
every 2 ≤ i ≤ m+ 1.
3) Each element in BGH can be obtained by βmax(H) by performing
couples of cancellations of the type i, ϑH − i. All these cancellations
are allowed.
Proof. 1) See [RZ1] Proposition 3.7 and Remark 3.8.






1 for 0 ≤ i ≤ d1 − 1 and ϑH − d1 ≤ i ≤ ϑH − 1
≤ 0 for d1 ≤ i ≤ ϑH − d1 − 1.
But 2m = −
∑ϑH−d1−1
i=d1










(ϑH − di) + ϑH = 0
from which we get
2m+1∑
i=2
[(ϑH − di)− d2m+3−i] = 2d1;
but the first side consists of the sum of 2d1 positive integers, therefore
each number must be equal to 1.
3) This follows from Remark 3.8 in [RZ1].

2. WLP for Gorenstein algebras
The aim of this paper is to study the Weak-Lefschetz property (WLP) for
Artinian standard graded Gorenstein algebras of codimension 3. We recall
that an Artinian standard graded S-algebra A has the WLP if there exists
a linear form l ∈ S such that for every i > 0 the multiplication map (of
k-vector spaces) l : Ai−1 → Ai has maximal rank. It is well known that in
codimension ≥ 4, not all Artinian standard graded Gorenstein algebras have
the WLP (see for instance [Ik]) but in codimension 3 the problem is still wide
open. We will show that given a Gorenstein sequence H (or a Gorenstein
Betti sequence β) of codimension 3 the WLP holds for the generic Artinian
standard graded Gorenstein algebra with Hilbert function H (respectively
with Betti sequence β). Moreover, given again H as before, we will see
that, in some sense, the most “special” and the “general” Artinian standard
graded Gorenstein algebras have the WLP.
We start with this observation.
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Proposition 2.1. Let A = R/I be an Artinian standard graded Gorenstein
algebra, with socle degree ϑ − 3 and Hilbert function H. Then A enjoys the
WLP iff there exists a linear form l ∈ R such that the multiplication map
l : At−1 → At is injective, where t = tH .
Proof. By hypothesis and Proposition 2.1, b) in [MMN], we get that the
multiplication map l : Ai−1 → Ai is injective for i ≤ t. Now since t ≥
ϑ−3
2 ,
by Gorenstein duality we deduce that the multiplication map l : Ai−1 → Ai
is surjective for i > t, so it has maximal rank in any degree. 
Next result will be very useful in the rest of the paper.
Lemma 2.2. Let A = R/I be an Artinian standard graded algebra. Let us
suppose that there exists an integer t, a perfect ideal J ⊂ R of height ≤ 2 and
a form f ∈ R (eventually a constant) such that Ii = (fJ)i for i = t − 1, t.
Then there exists a linear form l ∈ R such that the multiplication map
l : At−1 → At is injective.
Proof. The ringR/J is Cohen-Macaulay of Krull dimension ≥ 1. It is enough
to choose a linear form in R such that l is not a factor of f and it is regular
in R/J. 
We collect in the next proposition some cases in which the Hilbert function
H forces the WLP for every Artinian standard graded Gorenstein algebras
having H as Hilbert function.
Proposition 2.3. Let H be a Gorenstein sequence of codimension 3 and
let u = uH and t = tH as in the previous section. If H satisfies one of the
following conditions
1) ∆H(t− 1) = ∆H(t);
2) ∆H(t− 1) = 1 and ∆H(t) = 0;
3) u = 0 and ∆H(t) ≥ t− 1;
then every Artinian standard graded Gorenstein algebra with Hilbert function
H has the WLP.
Proof. 1) Note that for Theorem 3.1 and Corollary 3.4 in [RZ1], every
Artinian standard graded Gorenstein algebra A = R/I with Hilbert
function H is such that I≤t = fJ, where f is a form of degree ∆H(t)
and J is perfect ideal of height ≤ 2. So, applying Lemma 2.2, we are
done.
2) In this case
∑t
i=0∆
3H(i) = ∆2H(t) = −1. Using the same argu-
ments of proof of Theorem 3.1 in [RZ1], if we set p the number of
the minimal generators of I of degree ≤ t and q the number of the
minimal first syzygies of I of degree ≤ t+ 1, we get that p− q = 1.
Taking a look at the Buchsbaum-Eisenbud matrix (see [BE]) of A,
again as in the proof of Theorem 3.1 in [RZ1], we get that I≤t is a
perfect ideal of height 2, so by Lemma 2.2 and Proposition 2.1, A
enjoys the WLP.
3) Since (∆H)+ is an O-sequence, in this case the ideal I≤t is minimally
generated by at most two elements. Therefore I≤t = 0 or I≤t is
principal or I≤t = fJ where J is generated by a regular sequence of
length 2. By Lemma 2.2 the conclusion follows.
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
Remark 2.4. Note that if uH ≥ 2, then the hypothesis 1 of Proposition 2.3
is satisfied. Therefore, since when uH ≥ 2 the WLP holds, in the sequel we
will treat only the cases uH = 0, 1.
Now we concentrate on the relationship between the WLP and the Betti
sequences of the Artinian standard graded Gorenstein algebras.
One key result is the following theorem.
Theorem 2.5. Let A = R/I be an Artinian standard graded Gorenstein
algebra. Let H be the Hilbert function of A and let t = tH . If νt+1(A) =
νmaxt+1 (H) then A enjoys the WLP.
Proof. By Remark 2.4 we can suppose that u := uH ≤ 1. Let s := sH and
ϑ := ϑH . Note that s − 1 ≤ t ≤ ϑ − s − 2 and when t = s − 1 we have
that Ai = Ri for i ≤ t, so the WLP is trivial by Proposition 2.1. So we can
assume s+ 1 ≤ t+ 1 ≤ ϑ− s− 1. If νt+1(A) > ν
min
t+1 (H), applying Theorem
4.4 in [RZ2], we get that I≤t = fJ where f is a form and J is perfect of
height ≤ 2. So the hypotheses of Lemma 2.2 are satisfied and by Proposition
2.1 A has the WLP. Let us suppose now that νt+1(A) = ν
min
t+1 (H). If u = 0
then
νmint+1 (H) = max{0,−∆
3H(t+1)} = max{0,−∆2H(t+1)} = −∆2H(t+1) > 0
i.e. ∆3H(t+1) = ∆2H(t+ 1); this implies that ∆H(t− 1) = ∆H(t). So by
Proposition 2.3 1) we get that A has the WLP.
If u = 1 the assumption νt+1(A) = ν
min
t+1 (H) can happen only if ∆H(t −
1) = 1, so the conclusion follows by Proposition 2.3 item 2. 
Corollary 2.6. Let A = R/I be an Artinian standard graded Gorenstein
algebra. Let β be the Betti sequence of A and H be the Hilbert function of
A. If β = βmax(H) then A enjoys the WLP. In particular for every Goren-
stein sequence H of codimension 3, there is an Artinian standard graded
Gorenstein algebra whose Hilbert function is H and having the WLP.
Proof. This is just a particular case of Theorem 2.5. 
Corollary 2.7. Let H be a Gorenstein sequence of codimension 3. Then
there exists a Gorenstein Betti sequence β0 compatible with H such that for
every Gorenstein Betti sequence β ∈ BGH , β ≥ β0 all Artinian standard
graded Gorenstein algebras having Betti sequence β enjoy the WLP.
Proof. Let us consider the sequence ν0 defined as follows
(ν0)i :=
{
νmaxi (H) for i = tH + 1, ϑH − tH − 1
νmini (H) otherwise
.
Let β0 be the Betti sequence corresponding to ν0. Note that β0 is admissible
for an Artinian standard graded Gorenstein algebra by Proposition 1.2, item
3. So if A is an Artinian standard graded Gorenstein algebra such that
β(A) ≥ β0 then it has the WLP by Theorem 2.5. 
Example 2.8. Let us consider the following Gorenstein sequence
H = (1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 76, 84, 89, 90,
89, 84, 76, 66, 55, 45, 36, 28, 21, 15, 10, 6, 3, 1).
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Then βmax(H) is defined by the sequence
ν11 = 2, ν12 = 2, ν13 = 3, ν14 = 4, ν15 = 2, ν16 = 4,
ν17 = 3, ν18 = 2, ν19 = 1,
and β0 is defined by the sequence
ν11 = 2, ν12 = 1, ν13 = 1, ν14 = 1, ν15 = 2, ν16 = 4.
Remark 2.9. Note that if k is algebraically closed by the irreducibility of
GorH, the previous results imply that the generic element in GorH has the
WLP.
Theorem 2.10. Let A = R/I be an Artinian standard graded Gorenstein
algebra, enjoying the WLP, whose Hilbert function is H and Betti sequence
is β. Let β′ ∈ BGH , β
′ < β such that ]β′, β[= ∅. Then there exists a 1-
dimensional family of Artinian standard graded Gorenstein algebras with
Betti sequence β′ and the WLP.
Proof. Since ]β′, β[= ∅ we get β′ from β by performing a couple of cancella-
tions of degrees r and ϑH − r among the degrees of minimal generators and
the degrees of first syzygies (see Remark 3.8 in [RZ1]). Let M be an alter-
nating matrix whose submaximal pfaffians minimally generate I. Let M
î
be
the submatrix obtained by M = (mij) by deleting the i-th row and the i-th
column. Let pi = pfMî. Then I is minimally generated by p1, . . . , p2m+1.
So we have a minimal generator pa of degree r and a minimal generator pb
of degree ϑH − r and two minimal first syzygies of the same degrees. So,
by minimality, mab = mba = 0. Let λ ∈ k and let M(λ) = (m
′
ij) be the
alternating matrix such that m′ab = λ, m
′
ba = −λ and m
′
ij = mij other-
wise. Let I(λ) be the ideal generated by the submaximal pfaffians of M(λ).
So A(λ) = R/I(λ) is an Artinian standard graded Gorenstein algebra with
Betti sequence β for λ = 0 and Betti sequence β′ for λ 6= 0. Since A has the
WLP there exists l ∈ R1 such that the multiplication map l : Ai−1 → Ai
has maximal rank for every i. Now let us consider the multiplication map
l : (A(λ))t−1 → (A(λ))t, where t = tH . Of course the rank of the latter map
depends on λ and it is maximal for λ = 0, since A(0) = A. So this rank is
maximal for the generic λ ∈ k, therefore the generic A(λ) has the WLP. 
Corollary 2.11. Let β be any Gorenstein Betti sequence of codimension
3. Then there are infinitely many Artinian standard graded Gorenstein al-
gebra with Betti sequence β and enjoying the WLP. In particular, if k is
algebraically closed, the generic element of Gor β has the WLP.
Proof. Let H be the Hilbert function corresponding to β. By Corollary
2.6 every Artinian standard graded Gorenstein algebra with Betti sequence
βmax(H) has the WLP. Now applying iteratively Theorem 2.10 we can reach
β from βmax(H), obtaining families of Artinian standard graded Gorenstein
algebra with Betti sequence β and enjoying the WLP. The last assertion
follows from the irreducibility of the stratum of GorH defined by β (see [Di]
section 3). 
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